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Abstract. A dynamical system on the total space of the fibre bundle of 
second order accelerations, T^M , is defined as a third order vector field S on 
T^M, called semispray, which is mapped by the second order tangent structure 
into one of the Liouville vector field. For a regular Lagrangian of second order 
we prove that this semispray is uniquely determined by two associated Cartan- 
Poincare one-forms. To study the geometry of this semispray we construct a 
nonlinear connection, which is a Lagrangian subbundle for the presymplectic 
structure. Using this semispray and the associated nonlinear connection we 
define covariant derivatives of first and second order. With respect to this, the 
second order dynamical derivative of the Lagrangian metric tensor vanishes. 
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1. Introduction 

The notion of spray as a vector field that Hves on the total space of the first order 
tangent bundle was introduced by Ambrose et al. [2]. For a regular Lagrangian 
of order one, solutions of the Euler-Lagrange equations are integral curves of the 
canonical semispray, which is a second order vector field. The canonical semispray 
of a Lagrange space is uniquely determined by its symplectic structure and the 
energy of the space. This point of view allows for studying first integrals, Cartan 
symmetries, and Noether type theorems and it has been investigated by Klein [24] . 
Godbillon [20], Abraham and Marsden [Ij, Arnold [4j, Crampin and Pirani [14], 
de Leon and Rodrigues [27], Krupkova [25|, Miron and Anastasiei [32]. For the 
differential geometry of a second order vector field one has to study its associated 
nonlinear connection and dynamical covariant derivative. Such nonlinear connec- 
tion was introduced by Crampin p3| and Grifone [21] and it is a very important 
tool for the geometry of Finsler and Lagrange spaces developed by Miron and Anas- 
tasiei [32]. For a regular Lagrangian, the canonical nonlinear connection is the only 
connection that is metric and compatible with the symplectic structure, as it has 
been shown in [7]. 

Tangent bundles of higher order are canonically endowed with tangent structures 
of higher order, introduced by Eliopoulos |T9]. This tangent geometry of higher or- 
der provides a special differential calculus, which has been investigated by many 
authors, for example by Yano and Ishihara [SS], Tulczyjew |37| . de Leon and Ro- 
drigues [26j, Saunders [34], Miron [31]. Important works that connect the geometry 
of higher-order differential equations with the geometry of higher order Lagrangian 
mechanics are due to Crampin et al. [H], de Leon and Rodrigues [28], Byrnes [9j. 
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Spaces involving metric tensors whose components are functions of position and 
higher order accelerations were introduced first by Kawaguchi [22] ■ The variational 
problem of such metric structures of order k, k > 1, was investigated by Craig |12] 
and Synge |36j who associated to it a number of fc + 1 covariant vectors. Among 
these vectors, only the last two live on the tangent space of order k. For a reg- 
ular Lagrangian of order k, the last one determines one of the Cartan-Poincare 
one forms, the one before the last one determines a vector field of order k + 1. 
This vector field was called by Miron in [30] the Craig-Synge vector field, or the 
canonical semispray, of the Lagrange space of order k. The geometry of higher 
order Lagrangians based on the associated semispray and the associated nonlinear 
connection has been developed recently by Miron [Sl]. From a semispray that lives 
on the tangent bundle of order fc, one can derive different nonlinear connections as 
it has been done by Catz [ll], de Leon and Rodrigues [26], Byrnes Miron and 
Atanasiu [32], Bucataru [6]. For fc > 1 these nonlinear connections are different 
and the expression of their coefficients is quite complicated. Geometric invariants 
induced by two different nonlinear connections associated to such a semispray were 
studied by Crampin and Saunders [16]. In this paper we limit our work to the case 
of second order Lagrangians. 

A dynamical system on the total space of second order acceleration bundle T^M 
is defined as third order vector field, S, which lives on T^M and is mapped by 
the second order tangent map into one of the Liouville vector field. Such vector 
field is called a semispray. For a regular Lagrangian of second order, we prove that 
one can associate to it two Cartan-Poincare one-forms and two Cartan-Poincare 
two-forms. We show that one of the Cartan-Poincare two-forms is a presymplectic 
form. Moreover, both vertical distributions are Lagrangian subbundles with respect 
to this presymplectic form. 

The classical variational problem for a second order Lagrangian leads to fourth- 
order equations, which are the Euler-Lagrange equations. To the fourth-order 
Euler-Lagrange vector field, Craig [12] and Synge [36] associated another vector 
field of third order, which was called the Craig-Synge vector by Miron f30]. In this 
paper we study Craig-Synge equations and the corresponding vector field since they 
live on the second order tangent bundle of the base manifold. For this vector field, 
which is a semispray of the considered regular Lagrangian of second order, we prove 
that it is uniquely determined by the two associated Cartan-Poincare one-forms. 
This result extends the work of Sarlet et al. [35] for the canonical second order 
vector field of a first order regular Lagrangian. We prove that the Craig-Synge cov- 
ector can be obtained directly by a special variational principle of a second order 
regular Lagrangian for the case when only the vertical part of the curve is varied. It 
is known that for a Lagrangian of order grater than one, the integral of action along 
a curve does not depend on the parametrization of the curve only if the Lagrangian 
is degenerate. This is known as Zermelo condition, geometric aspects of this con- 
dition were investigated by Kondo, [23]. Therefore for a regular Lagrangian, when 
studying the integral of action, the parametrization of a curve is essential. The vari- 
ation of the vertical part of the curve allows for variation of such parametrization. 
Recently, seismic ray path through higher order metric spaces, where the Zermelo 
condition is satisfied, were investigated by Yajima and Nagahama ^39|. 
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A nonlinear connection on the second order tangent bundle together with a semis- 
pray define dynamical covariant derivatives of first and second order. These covari- 
ant derivatives allow for invariant expressions of various geometric objects derived 
from a second order Lagrangian. In this paper we give conditions that uniquely 
determine a new nonlinear connection of a second order regular Lagrangian. One 
of these conditions states that the corresponding horizontal distribution is a La- 
grangian subbundle for the presymplectic form. With respect to this nonlinear 
connection, the second order dynamical covariant derivative of the metric tensor 
vanishes. This generalizes the result for a first order regular Lagrangian, where the 
dynamical covariant derivative of the metric tensor vanishes, |7j- 

2. Second order tangent bundle 

The space of second order accelerations can be identified with the space of sec- 
ond order tangent bundle. The space of higher order tangent bundles using jet 
theory was introduced by Ehresmann [18]. In this section we present some of the 
geometric structures that live on the total space of the second order tangent bundle, 
such as second order tangent structures, Liouville vector fields, vertical and hori- 
zontal distributions and semispray. These structures were investigated previously 
by EHopoulos ll^, Yano and Ishihara [S^, Tulczyjew [37], de Leon and Rodrigues 
[Is], Crampin et al. [H] and Miron [31] . 

For a real, n-dimensional, smooth manifold M, we denote by {T'^M.tt'^ ,M) its 
tangent bundle of second order. A local chart ([/, ip = (a;*)) on M induces a local 
chart ((tt^)"^ (?/),$ = (x*, y^^)*)") on T^Af, where for a two-jet jgp G T^M, 



the coordinate functions are defined as follows 

4=0 

The second order tangent structure J and second order cotangent structure J*, 
which are called also vertical endomorphisms, are defined as follows 

The foliated structure of T^M allows for two regular vertical distributions, Vi (u) — 
Ker d„7r^ — Ker = Im J and V2 (u) — J (Vi (u)) = Ker d„7rj — Ker J — 
Im J^, V-u e T^M. These two distributions are integrable, the first one is tangent 
to the fibers of tt^ : {x , y^^\ y^"^^) £ T^M {x) e M, while the second one is 
tangent to the fibers of tt^ : (x, y^^), y^^)-) ^ ^ (a;,?/^^)) S TM. 

The following two vertical vector fields are globally defined on T'^M and they 
are called Liouville vector fields. 



A semispray is a globally defined vector field S on T'^M that satisfies the equation 
JS = C2. Therefore, a semispray 5", which is a third order vector field, can be 
expressed as follows 

tV] Q - yW'— + Ov^"^^'— (x u^i) v^^A ^ 
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and it is perfectly determined by its coefficient functions (x, y^^') . In this 
paper we provide conditions that uniquely determine such a semispray for a regular 
second order Lagrange space. 

A nonlinear connection, or a horizontal distribution, on T^M is a regular dis- 
tribution N : u ^ T'^M (— > N (u) C TuT^M that is supplementary to the vertical 
distribution Vi. In other words, the following direct sum holds true. 

(2) TuT'^M = N{u)® Vi (u) , Vu e T^M. 

Since (i„7r^ : TyT'^M ^ Tn.2(„) Af is an epimorphism of vector spaces, whose ker- 
nel is Vi (u), its restriction to N (u) is an isomorphism of vector spaces. We denote 
by lh,u ■ T^^f^u^M — > N (u) its inverse, to which we refer to as the horizontal lift 
induced by the nonlinear connection N. If we consider the regular, n-dimensional 
distribution Ni (m) — J {N (u)) then we have the following direct sums. 



(3) TuT^M = N{u)0 Ni (u) © V2 (u) , Vi (u) = Ni (u) © V2 (u) 
An adapted basis to the first decomposition ^ is given by 



4 1— 



■.^ I 



h,u 



7T^ (u) . 



:= J 



6x^ 



d 



With respect to the natural basis of TuT'^M, we use the following notations: 



(5) 



_d_ 

dx^ 



Functions Nf and TV/ are called local coefficients of the nonlinear connection N. 

(1) (2) 

The dual basis of the adapted basis given by expression (0]) is given by 

dx\ 5y^^^' = dyfi)* -I- M] dx^ , 5y^^^' = dy^^^' + M] dy^^^^ + M] dx' . 



(6) 



(1) 



(1) 



(2) 



Functions Af* and Af* are called the dual coefficients of the nonlinear connection 

(1) (2) 

and they are related to the coefficients of the nonlinear connection through the 
following formulas 



(7) 



m 

(1) 



3 

(1) 



(1) (1) (2) (2) 

A semispray induces a nonlinear connection, which can be expressed in terms 
of some product structures as it has been shown by Catz [TT] and de Leon and 
Rodrigues [26]. Different sets of dual coefficients of nonlinear connections induced 
by a semispray were obtained by Miron JSlj and Bucataru [6]. In this paper we 
provide conditions that uniquely determine a nonlinear connection in terms of its 
compatibility with the metric structure and the presymplectic structure of a second 
order Lagrange space. 



3. Second order Lagrange space 

Important geometric structures for the geometry of a regular first order La- 
grangian can be derived from the associated Cartan-Poincare one and two-forms: 
Euler-Lagrange vector field, nonlinear connection, symmetries. In this section we 
introduce some of the geometric structures one can associate to a second order 
regular Lagrangian, such as Cartan-Poincare one and two-forms. We study their 
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relations with some other geometric structures that Uve on the second order tangent 
bundle. 

Consider L : T'^M — > M a regular Lagrangian of second order. In other words, 
the metric tensor 

is a symmetric second order tensor field that has maximal rank n on T^M. 

A tensor field on T^M is called a d-tensor field if its components change as the 
components of a similar tensor field on the base manifold, under corresponding 
change of coordinates. The metric tensor given by expression |[8]) is a second order 
d-tensor field since its components gij behave as the components of a (0, 2)-type 
tensor field on the base manifold. 

For a regular Lagrangian of second order, one can define the following globally 
defined two Cartan-Poincare one-forms: 

8T dT 

(9) 91 = r idL) = djL = ^dx' + g^dy(^^^ and 



(10) el = {.rf{dL) = dj.L = ^^dx\ 

We consider also the following Cartan-Poincare two-forms: 



(12) ^del = d Adx^^d A d,(l)^ 

We remark here that the regularity of the Lagrangian L implies the fact that 
rank = 2n < 3n = dim (T^M). We refer to w£ as to the canonical presym- 
plectic structure of the Lagrangian L. These aspects were briefiy discussed in [8]. 

Proposition 3.1. Consider S an arbitrary semispray on T'^M . For a second order 
Lagrangian L, its Cartan-Poincare one and two-forms have the following properties. 

(1) dj0l = djdj2L = 0, dj20l = dj2djL = 0, 

(2) isel = el (s) - C2 (L) , isel = el [s) - Ci [l) , 

(3) Csel - isLol + d (C2 {L)) , Csel - isu^l + d (Ci (L)) . 

Proof. First two properties follow directly from expressions (fTTI) and lfT2|) . if we 
compose with J and respectively. Next two properties are direct consequences 
of expressions ^ and (flOl) . Last two properties follow from the previous ones if we 
take the exterior differential and use the fact that Cs = dis + isd, where Cs is the 
Lie derivative along the semispray S. □ 
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First property of Proposition [HH] means that w| [JX, JY) = lo\ {J'^X, J'^Y) = 0, 
VX, y G X (T^M) and therefore both vertical distributions Vi and V2 are La- 
grangian subbundles for the presymplectic structure uj\ . Second property of Propo- 
sition O means that Lo\ {J'^X, PY) = 0, VX, F e X {T'^M) and therefore the ver- 
tical distribution V2 is a Lagrangian subbundle for the Cartan-Poincare two-form 

We will explain now how the results in this section extend the well-known results 
for the firs order case, to which we refer to Crampin and Pirani [14]. Consider 
L : {x,y) £ TM 1-^ y) G M a first order regular Lagrangian and let 

(13) Bl = djL = ^dx\ UL = ddjL = d( ) A dx' 

be the Cartan-Poincare one and two-forms. For these we have the following prop- 
erties. 

The vertical distribution of the tangent bundle is a Lagrangian subbundle for 
the symplectic structure ujl. This is due to the fact that djdL — d^L = and 
therefore lul {JX, JY) = 0, for all X, Y vector fields on TM. 

For an arbitrary semispray S on TM, which is a second order vector field on 
the base manifold M, we have isOl = C(L), where C — y' [d/dy^) is the Liouville 
vector field on TM . By taking the exterior differential of the above formula we 
obtain is^L = -Cs^l — d{'C{L)) . For the Euler-Lagrange vector field S we have 
CsOl = dL. Therefore, the equation is^jl = —d{L — C{L)) uniquely determines 
the canonical semispray and implies that 5 is a Cartan symmetry for the Euler- 
Lagrange equations. 

4. Third order vector fields and Craig-Synge covectors 

Spaces with metric structures whose components depend on higher order accel- 
erations were introduced by Kawaguchi, [22] • The classic variational problem of a 
metric structure of order two induces the Euler-Lagrange covector field, which is of 
order four. From the corresponding vector field, which lives on the tangent bundle 
of order three, it is difficult to derive geometric objects that live on the tangent 
bundle of second order and to develop a geometric theory of the given Lagrangian 
of second order. 

For a second order regular Lagrangian, using the Euler-Lagrange covector field, 
Craig |12j and Synge [36] derived another covector of order three along a curve. 
Miron [30] paid a special attention to this covector that was called Craig-Synge 
covector. The corresponding vector field fives on the tangent bundle of order two, 
it is a semispray and one can develop from it the geometry of the given Lagrangian. 

In this section we prove, that the Craig-Synge covector can be independently 
derived using a variational principle of a regular second order Lagrangian, for the 
case when only the vertical components of the curve are varied. The corresponding 
vector field is a semispray associated to the second order Lagrange space. In this 
section we provide the equation that uniquely determines this canonical semispray 
of a second order regular Lagrangian. This equation generalizes the well-known 
equation for a first order Lagrangian. 

Consider the following variational problem for the regular Lagrangian L. Let 

c,:te [0, 1] ^ (t) = i^x^ (t) ,^{t)+ eV^ (*) , 3 ^ (^) + ^ 
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be a variation of the curve c{t) — cq (t) in T'^M, where e belongs to some small 
neighborhood of G R, and V* (t) are the components of a vector field along curve 
c such that (0) = (1) = 0. We look for necessary conditions for the curve 
c = Co to be an extremal of the integral 



For this we require that c is a solution of the following equation 

d 



(14) 



de 



(He,)) 



0. 



Equation (fT4|) can be written as follow 



0=^(7 (c.)) 



e=0 



dL 
1 ' dL 



dL dV' 
(9y(2)» ~dt 



dL 



dt 



dyW' dt Va?/(2)» 



V'dt 



( dL 



\dyi^)^ 



Since V is an arbitrary vector field, we have that equation (fT4| holds true if and 
only if the following Craig-Synge equations, [12], [36] are satisfied: 

dL d f dL 



^'^^^ dyW' dtydy^^^O 

For a regular Lagrangian L, equations (fT5|) represent a system of third order differ- 
ential equations, which can be written as follows: 



(16) 



dt^ 



3!G" 



The functions G* are given by 



(17) 



3G^ = Ig^' 



dx 1 d^x 
dt' 2! dt2" 

/ dL 



0. 



dL 



\dyC^^' J dyi^y^ 



and they are local coefficients of a semispray, as it has been shown by Miron in 
[30] . We refer to the vector field S given by expression |(l|), whose coefficients are 
given by expression (flTl) . as to the semispray S of the regular Lagrangian L. In 
expression (fTT)) . dx is the Tulczyjew operator, 



dT = y^^^'^ + 2y 



d 



mi. 



d 



dx^ ' " dy^^'f^ 

Next theorem gives the equation that uniquely determines the semispray of a 
second order regular Lagrangian. 

Theorem 4.1. For a regular second order Lagrangian L, the semispray, whose 
coefficients are given by expression lfT7|) . is the only semispray S on T^M that 
satisfies the following equation 



(18) 



Cs {d,pL) = djL. 



Proof. Consider S a semispray on T'^M , given by expression The Lie derivative 
of the Cartan-Poincare one-form 6\ — dj2 L has the following expression 



(19) 



dr 



dL 

dyi^y^ 



dx' 



dL 



dy 
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Using expression ifTOl) . we obtain that for a regular Lagrangian, equation l|T8|) 
uniquely determines the functions G*, which are given by expression lfT7|) . □ 



Corollary 4.2. For a regular second order Lagrangian L, its semispray is uniquely 
determined by the following equation 

(20) isiol = -diCiiL)) + 9l 

Proof. From Proposition 13.11 it follows that CsOj^ — is^t + d{<Ci (L)). Therefore, 
equations (fTSl and l|20p are equivalent and each of them, uniquely determine the 
semispray of the regular, second order Lagrange space. □ 

For a first order regular Lagrangian L{x,y), as it has been shown by Sarlet et 
al. [35], the canonical semispray is uniquely determined by the following equation 

(21) Cs (djL) = dL. 

For a first order Lagrangian the corresponding equation for l(20l) reads as follows 

(22) isLOL = -d{C{L)-L). 

We remark here that in equations l(2T|) and l|22p the right hand-side is an exact 
form, while in equations ifTSj) and l(20|) the right hand-side is not an exact form any 
more since 6]^ is not even a closed one-form. This has the following consequences, 
which are different from the case of a first order Lagrangian. 

Corollary 4.3. For a regular second order Lagrangian, its semispray satisfies: 

(1) Cs^l - Lol, 

(2) S{CiiL))^C2{L). 

Proof. If we take the exterior differential of both sides of equation (fT8| and use 
the fact that the Lie derivative commutes with the exterior differential, we obtain 
£50^1 = ujj^. Using the skew symmetry of ujI and expression l(20|) . we obtain 
S{Ci{L)) = C2{L). □ 

From the above results we can see that the semispray S is not a symmetry for the 
corresponding second order Lagrange space. 

5. Second order dynamical derivative 

In this section, we introduce dynamical covariant derivatives of first and second 
order, induced by a pair {S,N), where S is the associated semispray of a second 
order Lagrange space and iV is a nonlinear connection. Using these dynamical 
derivatives and the presymplectic structure we give conditions that uniquely de- 
termine a nonlinear connection N. With respect to this nonlinear connection, the 
second order dynamical covariant derivative of the metric tensor vanishes and the 
horizontal distribution is a Lagrangian subbundle for the presymplectic structure. 

Let S be the associated semispray of a second order Lagrange space, which is 
uniquely determined by Theorem [Hi] and consider TV a nonlinear connection. For a 
d- vector field with components X^, we define its first and second order dynamical 
derivatives as follows 

(23) VX' = S {X') + M] X\ \7^X' = {X') + 2M] S {X^) + 2M] XK 

(1) (1) (2) 
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Remark. Let X = (^d/dx^) be a vector field on the base manifold M. Its 
complete lift, given by 

(24) X^ = X^^^+S{X^)-^ + l-S^X- ^ 



can be expressed as follows 

One can extend these first and second order dynamical derivatives to arbitrary 
d-tensor fields. In this paper we are interested in the first and second derivatives 
of the metric tensor Qij . These derivatives are given by 

(26) Vgij = S (5y) - gkj - Qik, 

(1) (1) 

W^Qij = S^{gij)-2Nt S{gkj)-2N^ S{gik) 

(1) (1) 

(27) -2N^ gkj - 2iVj= giu + 2grakN^ 

(2) (2) (1) (1) 

Consider g = gijdx^ (g) dx^ the metric tensor of a second order regular Lagrangian. 
One can extend this tensor to the following metric structure on T^M 

g'' = g^j (^dx' O + rf^/Cl)-?' + dy^"^^' (g) dx^^ + 

(28) S (5y ) (rfx* ® rfy(^)-'' + dy^^^' O dx^^ + ^S^ {gij) dx' dx^ . 

With respect to the adapted basis of the nonlinear connection A'', the metric 
structure g'' has the following expression 

g" = (dx' ® Sy^"^^^ + 5y(-^^^ ® Sy^-^''^ + 5y^^">' ® dx') + 

(29) Vgij {dx^ ® Sy'^^^^ + Sy^'^^' ^ dx^) + ^"^^gtjdx' ® dx^ . 

Theorem 5.1. Let S be the associated semispray of a second order regular La- 
grangian. There exists a unique nonlinear connection N on T'^M such that 

(1) Lol {hX, v,Y) = 2g- {hX, viY) , VX, F e x (T^M) . 

(2) W^g = 0, dhOl = 0. 

Proof. We prove that the first condition of the theorem uniquely determines the 
first coefficients , while the second condition uniquely determines the second 
(1) 

coefficients of a nonlinear connection. We use the metric tensor gij to raise 

(2) 

and lower indices, therefore we denote 

Nij := gikN^ , N,j := gikN^ . 

(1) (1) (2) (2) 

The presymplectic structure a>'| can be expressed, with respect to the adapted 
basis of a nonfinear connection TV, as follows 

'^^ = ^ (a^) '^'^'^'^S^ (a^) Sy^^^^Adx^ + 2g,,Syi^^^Adx^. 
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Condition 1 of the theorem can be written as follows 

1 ( ^ S \ 5 f dL \ / 5 5 , 



which is equivalent to 

(32) 2iy,, +4^, =^S{g.,) + ^-^$^. 

Since Vgy = giji are the components of a second rank symmetric d-tensor field, 
from expression l(3T|) we obtain the symmetry in i and j of the following expression 

S f dL 



which is equivalent to 

(33) 2Nij - 2Nj, = ^ ^ ^ ^ 



(ij (1) a2/(2)*9y(i)J dy(^')^dyW'' 



From expressions l(32|) and ((33l) we obtain that Nij is uniquely determined and it 

(1) 

has the following expression 
(34) % =-5(5y) + -- 



Using expression l|27p . we obtain that first part of condition 2 of the theorem, 
V^gij = 0, uniquely determines the symmetric part of Nij . 

(2) 

(35) 2iV„- + 2Nj, = (.gy ) - 25 (g,fc) - 25 (.9^,) A^f + 2g™,iVj= iVf . 

(2) (2) (1) (1) (1) (1) 

Second part of condition 2 of the theorem can be written as follows {hX, hY) — 
0,\/X,Y e X (T'^M) . From expression l|30p this condition implies the symmetry in 
i and j of the following expression 

5 / dL 



which determines the skewsymmetric part of Nij . 

(2) 

(36) 2^ -2N- N'^ I d^L 

Using expressions (|35| and ([36|) . we obtain that the coefficients Nij are uniquely 

(2) 

determined. □ 

Corollary 5.2. With respect to the nonlinear connection determined by Theorem 
\5.1\ the presymplectic structure uj\ = d6\ has the following form 

(37) ujI = del = "^diiM^^' A dx' + 2g,jSy^'^^^ A dx\ 
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If h, vi and V2 are the projectors that correspond to the nonlinear connection 
determined by Theorem \5.1l then the Poincare-Cartan one -form 9\ satisfies the 
following equations 

(38) dh0l ^ d,,0l ^ d,,9l = 0. 



Proof. First condition and second part of the second condition of Theorem 15.11 are 
equivalent with the fact that the presymplectic structure ujj^ has with respect to 
adapted basis of the nonhnear connection the form given by expression l(37|) . All 
equations ((38l) can be obtained directly from expression ((37l) if we compose it with 
the projectors h, vi and V2 respectively. □ 

Theorem 1 5 ■ 1 1 gives conditions that uniquely determine a nonlinear connection for a 
second order Lagrange space. These conditions can be restated as follows, there is a 
unique nonhnear connection such that V^g = and the presymplectic structure w| 
is given by expression (|37|) . However, the expressions we obtained for the coefficients 
Nij and Nij in the proof of the above theorem are not easy to use. Next proposition 
(1) (2) 

gives a simpler form for the first coefiicients of the considered nonlinear connection. 

Proposition 5.3. Consider S the associated semispray of a second order regular 
Lagrangian L, whose coefficients are given by expression (fT?!) . The following 
functions are the first coefficients of the nonlinear connection determined by Theo- 
rem \5.1\ 

Proof. We have to show that the functions iVj given by expression l(39|) satisfy 

(1) 

expression l(34l) . which uniquely determine the first coefficients of the nonlinear 
connection. The associated semispray 5 of a second order regular Lagrangian has 
the local coefficients given by expression (fTTl and it is uniquely determined by the 
following condition 

f dL \ _ dL 
By direct calculation we have the following formula 



(41) 



d 



d „ dG^ d 
3- 



Qy(l)i dy{2)z Qy{2)j ' 

If we apply both sides of expression (|4T1) to dL/dy^'^'^^ and use expression l(40|) we 
obtain 

dG^ _ 1 1 d'^L 1 d'^L 

^ ' ^'''dyi^)^ ~ 3 ^ 3 9y(2)fe92;(i)» 6 dy(^)^dyi^^^ ' 

From expressions l|34p and l(42|) we obtain that first coefficients iVj of the nonlinear 

(1) 

connection are given by expression l(39|) . □ 



According to Proposition 15.31 the coefficients TVj of the nonlinear connection 

(1) 

determined by Theorem 15.11 are the same for the nonlinear connections that were 
considered by Catz [ll], Dodson and Radivoiovici [17], de Leon and Rodrigues [26] . 
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Byrnes [9], Miron |3T] and Bucataru [6]. However, the other coefficients Nj of the 

(2) 

nonUnear connection we obtained in Theorem 15.11 are different and with respect to 
them the presymplectic form has a very simple form given by expression l(37l) . 



6. Examples 

In this section we consider examples of second order regular Lagrangians, which 
were previously used by Miron and Atanasiu [33] to extend semi-Riemannian, Fins- 
lerian and Lagrangian structures from the base manifold to the total space of second 
order tangent bundles. For such second order regular Lagrangians we compute the 
associated semispray and the nonhnear connection as they have been defined in the 
previous sections. If the Lagrangian function depends on position effectively, this 
nonlinear connection is different from the prolongation of a nonlinear connection 
introduced by Catz [TT| and used by Miron and Atanasiu |33j. It is also different 
from the nonhnear connection used by Dodson and Radivoiovici and de Leon 
and Vasquez [26] to study the geometry of the tangent bundle of order two. Each 
of these nonlinear connections give information regarding the Lagrangian function 
as we will see in this section. However, for the semi-Riemannian case, with respect 
to the nonlinear connection introduced in the previous section, the first and sec- 
ond order covariant derivatives of the metric tensor vanish and the presymplectic 
structure has a very simple form with respect to it. 

Let g = gij {x) dx^ ® dx^ be a semi-Riemannian metric on the base manifold M 
and denote by 7]^, (x) the Christoffel symbols of the Riemannian metric. Consider 
the first order Lagrangian Li : TM — > R given by 

(43) Li = 5,,(a;)y(i)V^'^^' = jv^'^f ■ 

We recall that the geodesies of the semi-Riemannian metric g, which are extremal 
curves for the first order Lagrangian Li, are solutions of the following system of 
equations: 

,44) ^(^]-0^ 



Using the fact that Vg = 0, for a curve c{t) = (a;'(i), y(^^*(<)) on TM we have that 

(45) I (ii {x{t),y('y^it))) = 2.9,,(x(^))^Vy(l)^ 

from which we obtain that Li is conserved along the geodesies of the semi-Riemannian 
metric g. The right hand side of expression l(45l) is the first-order deformation La- 
grangian £1, considered by Casciaro and Fracavigha in |[10j, expression (3.3). 
By direct calculation it follows that 

(46) z^'^'-y^'^' + li-A^)y^'^'y^'^'-lW^' 

are the components of a d- vector field on T'^M, which represents the covariant 
expression of the second order acceleration. The function L2 : T^M — > M, given 

by 

2 



(47) L2(x,y«,y(^))=5..(x)z(^)'z(2)^"^i 



Vy 



(1), 
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3G' = 



is well defined on the second order tangent space, it is a second order regular 
Lagrangian and represents the square of the magnitude of the second order accel- 
eration. The following formulas can be obtained by a straightforward calculation. 

^481 - 2a z(2b _ .^(2)j^fc (i)p 2ot. t'^ v^^'^p 

y"^^) Qy{2)^ - ' Qy{l)^ " ^dkjZ l.pV , Qy(l)^Qy^2)J " ^SkjlrpV ■ 

The associated semispray of the second order regular Lagrangian given by expres- 
sion l(47|) is uniquely determined by Theorem 14.11 Its coefficients are given by 



(49) 



The corresponding nonlinear connection of the second order Lagrangian L2 is 
uniquely determined by Theorem 15.11 First set of coefficients of this nonlinear 
connection are given by expression l(39|) . which in our case are given by 



(50) 



(1) 



7k (^)2/(')' 



With respect to the nonlinear connection studied in [6] and using the second or- 
der covariant derivative, the Craig-Synge equations, given by expression (fT6|) . of 
the second order Lagrangian L2 can be expressed in a very simple form, which 
generalizes the geodesic equation l(44|) 



(51) 



= 0. 



With respect to the nonlinear connection introduced by Miron and Atanasiu in [33] . 
for a curve c{t) = {x''{t),dx'/dt) on TM we have the following formula 



(52) "^{Liix,^ 



dt 

which is equivalent to 
(53) 



dt 



dx Id^ 



dt ' 2 d<2 



dx' 



8^2 X,-,-— + 2g,,{x{t))—V' — 



d^ 


dx 


2 








= 2 




dt^ 


H 







da;* 



dt 

dx' 
~dt 



dx' 
dt 



With respect to the nonlinear connection introduced in the previous section 
the presymplectic structure and the complete lift have a very simple form. From 
expression l(37|l we obtain that the canonical presymplectic structure of the second 
order Lagrange space can be expressed as follows 



(54) 



From expression l|29p , the complete lift g'^ of the Riemannian metric tensor can be 
expressed as follows: 



(55) 



In this section we have seen that the covariant derivatives induced by the con- 
sidered semispray and the nonhnear connection give simple covariant expressions 
for the geometric structures associated to the second order Lagrangian L2. 
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